Abstract. We develop a refined theory of microlocal analysis in the algebra G(Ω) of Colombeau generalized functions. In our approach, the wave front is a set of generalized points in the cotangent bundle of Ω, whereas in the theory developed so far, it is a set of nongeneralized points. We also show consistency between both approaches.
Introduction
Differential algebras of generalized functions containing the space of Schwartz distributions have been constructed starting with the work of J.F. Colombeau [1, 2] . The theory has found diverse applications in the study of partial differential equations [8, 9, 11] , providing a framework in which nonlinear equations and equations with strongly singular data or coefficients can be solved and in which their regularity can be analyzed. The natural extension of microlocal analysis of Schwartz distributions to the Colombeau generalized function algebras is the so-called G ∞ -microlocal analysis, which has been developed using the concept of G ∞ -regularity [3] . In this setting, the G ∞ -wave front set has been defined as a set of (nongeneralized) points in the cotangent bundle of the domain of the generalized function [7, 10] . On the other hand, generalized functions in these algebras can be viewed as pointwise functions on the so-called generalized points of their domain. Moreover, since equations with strongly singular data or coefficients in Colombeau algebras are modeled by regularization, the corresponding differential operators themselves become generalized operators [9] . Hence it is to be expected that the most suitable setting to study the propagation of singularities under such operators is by means of generalized objects (generalized characteristic varieties, etc.). From this point of view, a natural refinement of G ∞ -microlocal analysis is to define also the wave front set as a set of generalized points in the cotangent bundle of Ω. In this paper, we start the development of this refinement of G ∞ -microlocal analysis, which we call G ∞ -microlocal analysis. This also allows us to look at smaller (generalized) neighbourhoods than in the classical theory. We were unable to develop the theory on the very fine scale of the so-called sharp neighbourhoods (both for points in the domain and for directions in the Fourier domain), but the theory works well if we confine ourselves to the so-called slow scale neighbourhoods (see below). We show that the projection of the wave front set in the first coordinate is the G ∞ -singular support (Theorem 4.5) and we characterize G ∞ -microlocal regularity (at nongeneralized points and in nongeneralized directions) in terms of G ∞ -microlocal regularity (Theorem 5.3).
Preliminaries
Let Ω ⊆ R d be open. We denote the (so-called special) Colombeau algebra on Ω by G(Ω), the set of compactly supported points in Ω by Ω c and the ring of Colombeau generalized real (resp. complex) numbers by R (resp. C). We denote by [ 
We refer to [5, §1.2] for definitions and further properties. We further denote
and we call x slow scale if x belongs to
Due to the fact that the order on R is not total,
We call x ∈ R d a slow scale infinitesimal (notation: x ≈ slow 0) if x ≈ 0 and 1 |x| is slow scale, i.e., if ρ a ≤ |x| ≤ a, ∀a ∈ R >0
and we call x a fast scale infinitesimal (notation:
The net (x ε ) ε corresponding to a fast scale (resp. slow scale) infinitesimal is said to tend slow scale (resp. fast scale) to 0. A fast-scale infinitesimal (and the corresponding net) is also sometimes called 'strongly associated with 0'. We write x ≈ fast y or x ∈ µ fast (y) (resp. x ≈ slow y or x ∈ µ slow (y)) for x − y ≈ fast 0 (resp. x − y ≈ slow 0). We call a slow scale neighbourhood of x 0 ∈ R d any set that contains {x ∈ R d : |x − x 0 | ≤ r} for some r ≈ slow 0 (r ∈ R >0 ). A conic slow scale neighbourhood of ξ 0 ∈ S is a cone Γ ⊆ R d with vertex 0 that contains a slow scale neighbourhood of ξ 0 (i.e., there exists some r ≈ slow 0 (r ∈ R >0 ) such that
In [7, 10] 
We can equivalently reformulate the conditions in Def. 3.1 (some of the reformulations resemble the classical definitions more closely). The proof relies on the overspill principle [12] (however, the proof below is self-contained).
∈ Ω c , the following are equivalent:
: assuming that (3) does not hold, we find m ∈ N and a decreasing sequence (ε n ) n tending to 0 such that for each n there exists
We can extend these x εn to a net (x ε ) ε such that, with
Then m ε → +∞ als ε → 0, and for small ε, we have that
(Ω) and ξ 0 = [ξ 0,ε ] ∈ S, the following are equivalent:
(1) there exists a conic slow scale nbd.
Proof.
(1) ⇒ (2) ⇒ (3) ⇒ (1), (2) ⇒ (4): similar to Lemma 3.3. Since ( v ε ) ε ∈ E S , we find for each n, m ∈ N some N ∈ N such that
This ensures that the nets (ξ ε ) ε constructed in the (2) ⇒ (3) and (2) ⇒ (4) parts of the proof are moderate. We denote
Let B(a, r) := {x ∈ R d : |x − a| < r}. We use the following notation. Let a net (x 0,ε ) ε be given. We fix φ 0 ∈ D(B(0, 1)) with 0 ≤ φ 0 ≤ 1 and with φ 0 (x) = 1 for each x ∈ B(0, 1/2). For m ∈ N and ε > 0, we denote
Corollary 3.7. For u ∈ G(Ω) and (x 0 , ξ 0 ) ∈ Ω c × S, the following are equivalent:
(Ω) and R ∈ R ss such that
Proof. 
Consistency with G ∞ -regularity
We now proceed to show that the projection of the wave front set in the first coordinate is the singular support (Theorem 4.5).
Proof. Let m ∈ N. If (2) does not hold, then we find a decreasing sequence (ε n ) n tending to 0 and ξ 0,εn ∈ S ∩ Γ such that for each k ≥ 2m
Extend ξ 0,εn to a net (ξ 0,ε ) ε representing ξ 0 ∈ S ∩ Γ. As u is G ∞ -microlocally regular at (x 0 , ξ 0 ), there exists v ∈ G c (Ω) such that u = v on a slow scale neighbourhood V of x 0 and v(ξ) = 0 for each ξ ∈ R d f s in a conic slow scale neighbourhood of ξ 0 . As in Corollary 3.7, this also holds if we replace v by φu, where φ = [φ kε,ε ], provided that k ε → ∞ as ε → 0 (ensuring that φ ∈ G ∞ (R d ) and φ = 1 on a slow scale neighbourhood of x 0 ) and provided
Thus for each n, we find ξ εn such that
The following lemma is an easy generalization of [6, Lemma 8.1.1]:
ξ |ξ| − ξ 0 ≤ r} and for each η ∈ R d with |ζ − η| ≤ r |ζ|, we have η ∈ Γ.
Proof. Since |η| ≥ |ζ| − |ζ − η| ≥ 1 2 |ζ|, also |η| is invertible. Then
Proof. Let m ∈ N and ε sufficiently small (such that (2) holds). Let ζ ∈ Γ with |ζ| ≥ ε −2/m .
, then we have φ 2m,ε = φ 2m,ε φ k,ε as soon as ε is sufficiently small (only depending on m, e.g. as soon as
Hence also v 2m,ε = φ 2m,ε v k,ε , and
and thus
In [3] , several notions of pointwise regularity for elements of G(Ω) were considered. By [13, Cor. 5.5] , it follows that one of them is more fundamental, in the sense that the other notions can be described in terms of it. We therefore restrict to this notion only, slightly simplifying the notations (it was called˙ G ∞ -regularity in [3, 13] ):
Theorem 4.5. Let x 0 ∈ Ω c . For u ∈ G(Ω), the following are equivalent:
Again, we can equivalently reformulate the condition in the previous theorem: Proposition 4.6. For u ∈ G(Ω), the following are equivalent:
( (2) . Assuming that (3) does not hold, we find some m ∈ N, some α ∈ N d , some decreasing sequence (ε n ) n tending to 0 and some x εn ∈ R d with |x εn − x 0,εn | ≤ ε 
